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ABSTRACT

The purpose of this investigation is threefold: i £
known two-level difference schemes for the shallow wat
describes how non-uniform mesh sizes can be introduced s
and finally, it proposes a new, explicit two-level sch
stable for vanishing bottom friction and which has a m ‘e—

tization of the time-derivative than existing, explici
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JDUCTION

In this report we propose a numerical scheme for two-dimens
propagation in shallow seas. This renewed research on shall
.ems has been started at the Mathematical Centre because of

.ons about the computation of the water elevation in the Adr
‘he estuary near the Port of Calcutta. It turned out that th

- demand for a difference scheme with the following properti

(1) it should be explicit

(2) it should remain stable for vanishing bottom friction
(3) varying mesh sizes should be easily introduced

(4) the errors due to discretization of the space coordin

and time coordinate should be of the same order.

Before we construct such a scheme, we first review the seve
:ional models proposed in the literature; in this report we

ronsiderations to two-level schemes. In a forthcoming paper

msider higher-level schemes.

None of the available schemes have the possibility to adapt
sizes, therefore, our purpose is to modify the difference s
a way that variable mesh sizes can be introduced by providi
strical data about the grid. By adapting the stability condi
jon-uniform meshes, we shall also derive a criterion how to

as economical as possible (with respect to computational ef
ren depth function. Finally, we propose a new difference sch
sfies criteria (1), (2) and (3), and criterion (4) when non-
ymmitted in the mathematical model. This scheme has been test
1 Sea model with a special, non-uniform rectangular grid. Th
:ate a considerable improvement in efficiency when compared

yrm-grid methods. In the near future we will report numerica

iIr experiments.




. THE MATHEMATICAL MODEL

The equations governing the water motion in a shallow sea are given

)y (cf. HANSEN [19567)

v _ _ 9 -2 - 2
I LA+ 90X Ul U+ Lw oy Ulv-e 9x Z+ Fx
' v _ 9 - 2 -
1.1) Yy lw + axV]U [>\+ay vlv g ayZ+Fy s
Z _ _ 3 ¢ -2
vl [ (h+Z2)U] 3y [ (h+Z)V]
there U,V are the vertically averaged velocity com-—
ponents in the x—and y-directions, respec-
tively

yA is the water elevation,

A is the bottom friction coefficient which may
be expressed as (cf. DRONKERS [19641])

2.2
1.2) A =g —%Qﬂl—— , C] coefficient of De Chezy
C (h+Z)

w is the Coriolis parameter given by (cf.
PROUDMAN [19531)

1.3) w = 2a sin ¢, a: angular rotation of the earth
¢: latitude of the location,

g is the acceleration of gravity,

FX,Fy are the forcing functions of wind stress and
barometric pressures in the x- and y- direc-
tions, respectively,

h is the depth of the undisturbed sea.

iquations (1.1) represent a total hyperbolic system (cf. VAN DER HOUWEN
£19681).

The boundary conditions are
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0 along! s
oc

=
|

= (U,V)T parallel to the coast along Ec ,

roc and rc represent the ocean border and coast line, respectively.

tion (1.5) may be written as (cf. VAN DER HOUWEN [19681]).
) ait W= - [(W-v) + 21T - g@v2)E + (E-FE,

(5 5 \Tz T .
= e — = ° -— d
v \ax’ay)’F (Fx,Fy) , (*) denotes the usual inner-product an
(CX,C ) is a unit vector tangential (in the positive sense) to

a
1]

oast.
When the initial state of the sea is given, equations (1.1), (1.4)

1.5) completely determine the subsequent motion of the sea.

ANSFORMATION OF THE SPACE COORDINATES

In the numerical solution of system (1.1) by difference methods, it
is desirable to use a non-uniform grid in the (x,y)-plane. However,
onstruction of difference quotients at non-uniform meshes is rather
icated; hence, we prefer to introduce new coordinates X and Y, such

the curves

X(XaY) = jA
j,k integers, A constant,

kA

Y(x,y)

nine the grid desired in the (x,y)-plane. In the (X,Y)-plane we then
a square grid with a width A.
The price we have to pay is, of course, a more complicated system of

rential equations, as the operators é%vand g% are to be replaced by

X 9 Y 9 X 09 oY 9

3% 9X T ax oY ™ 3y 3X T By oY




:espectively.

When substituted into (1.1) we see that we do not need
. and Y themselves; only the partial derivatives are needed
:arry out the transformation. We shall give a sketch how the

:an be derived from a given net in the (x,y)-plane (see figu

X(x,y) = jb X(x,y) = (j+Da

AN

Y(x,y) = (k+l

Y (%,Y)

Fig. 2.1. Curvilinear net in the (x,y)-plane

.et the lines of tangency at the point P = (xj,yk) of the gi
ingles o and a, with the positive x—axis and let the neighb
yoints be at distance El,gz,n] and Ny o

.et Da F denote the derivative of a function F in the direct
thich makes an angle o with the positive x-axis. Obviously,

{ and Y satisfy the conditions

nctions
er to

ivatives

).

t make

net

a vector

nctions




sery grid point of the given net. In order to determine all partial
vatives of X and Y we need two more conditions on X and Y. Let us
se X and Y such that

2A 2A

) D X = ,D Y=
ap EytEy T ooy My,

5 at every grid point P. Then we obtain for the partial derivatives

respect to X and y the equations

i > SR O
DaZX = cos o, = + sin e, By o,
_ 9xX . 90X _ 2A
Da X cos o = + sin a 3y - EtEL °
) 1 ‘ 1 °2
_ ) . oY
DalY = cos a, % + sin o 3y = 0,
Da Y = cos o, %§-+ sin a, %Z = Zf
2 Yo Mty
5 easily verified that
| 3K _ A sin a, X _ A cos a,
T T
9x £ 31n(a2 al) oy £ s1n(a] az)
oY _ 8 sin o, sy A Cos o

ox £ s1n(a1—a2) oy n 31n(a2—al)

w

we have put

€1+£2 ) E nl+n2 )
2 ) n

We remark that the coast conditions become particularly simple when we
se the net lines along the coast and when we choose ag=oy = £ % at
al grid points. In the (X,Y)-system we then have either U =0 or V =0

e coast.




. DISCRETIZATION OF THE SPACE-DERIVATIVES

In the first papers on the computation of shallow water problems, a
lrastically simplified version was used for the mathematical model described
n section 1. For instance, the convective-inertia term (ﬁ-v)ﬁ was neglect-
.d, the coefficient of friction X was taken to be constant, and the eleva-
-ion Z was neglected with repsect to the depth h. When these simplifications

ire introduced into system (1.1), we obtain the linearized system

oU 3

¥=-—>\U+mV-g—a—£Z+Fx,
3.1) %% =-wl - AV -g §§-Z + Fy’

9Z 9 3

3t DU T hay v

This system is usually taken as a starting point; when a discrete ap-
>roximation to (3.1) is established one tries to fit in the non-linear
-erms. In this section we discuss the discretization of the right hand side
>f system (3.1). Several methods of discretization have been proposed in the
literature, which mainly differ by the fact that the stream and elevation

fields are calculated in different grid points (space-staggered grids).

3.1. THE FISCHER GRID

When in system (3.1) the differential operators é% and g%—(or alter-
natively the differential operators §%~and é%-when (2.2) is used) are re—
placed by the usual central difference operators, it is readily seen that
at points where U and V are needed, the Z-component is not needed and vice

versa. This suggests a space-staggered grid as shown in figure 3.1
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fig. 3.1 Grid used by fig. 3.2. y
FISCHER [1959] 9591,
and SIELECKI [1967] 1] and
[19671]
1is and following figures we use the notation:
- : grid point where U is computed,
| : grid point where V is computed,
) o : grid point where Z is computed,
=:U=0,| :v=0,,:2Z-=0.,
The grid specified in figure 3.1 was actually u [ER [1959]
Miss SIELECKI [1967]. Along the ocean border, Fi 'ibes both
and V. Along the coast the non—-zero component o . and the
ation Z is handled with asymmetric differences. linear
5 are again added to system (3.1), we need Z at oints.
> values can be provided by averaging the elevat f the four
ibouring elevation points; at the coastal points ighbouring

ition points can be averaged. Furthermore, the c ertia terms




nay be discretized at internal streampoints by using average central dif-

ferences. At coastal stream points one usually neglects convective-inertia.

3.2. THE PLATZMAN GRID

In the same year as Fischer, Platzman proposed another space-staggered
grid (see figure 3.2) which has the advantage that no asymmetric difference
operators are involved in order to represent the coast conditions. But,
since U and V are computed at different points, an averaging process 1is
needed to provide U at the V-points and V at the U-points. A more compli-
:ated point is, however, the introduction of new coordinates X and Y; in
particular, close to the coast we get lengthy, asymmetric difference for-
nulas, unless the function X only depends on x and Y only on y. When non-
linear terms are taken into account, we also have to provide Z at the U-
and V-points. As in the Fisher case one neglects convective—inertia terms
at the coast.

The Platzman grid has been used by HANSEN [1961] and LEENDERTSE [1967].

3.3. THE LAUWERIER-DAMSTE GRID

In practice, the Fischer grid turned out to be not completely satis-
fying; in order to remove small oscillations in the stream and elevation
fields, one had to use smoothing operators (cf. FISCHER [1959]). LAUWERIER
: DAMSTE [1961] discovered that by rotating the Fischer grid 450 degrees
(see figure 3.3) and by using averaged central differences, automatically
some kind of smoothing is obtained. Boundary conditions have to be dis-
:retized by asymmetric difference quotients. A detailed treatment of bound-
iry conditions in the Lauwerier-Damsté grid has been given by HEAPS [1969].
[ntroduction of non-linear terms offers no more difficulties than in the

Tischer case.

3.4. COMBINATION OF THE PLATZMAN AND LAUWERIER—DAMSTﬁ GRIDS

In figure 3.4 an attempt is presented to combine the advantage of the

’latzman grid (easy boundary conditions) with the advantage of the




.rier-Damsté grid (smoothing of the elevation field). But, due to the
man configuration along the coast, only transformation functions of
‘orm X = X(x) and Y = Y(y) maintain the simplicity of the boundary con-

mnms.

ocean ocean
e o o e o o o
| + + +
= O — O O ©)
| + + +
sea = O —0 o O  sea
I+ | + | +
o = 0 —0— 0 —0
| +
1) o — 0
- coast I +
fig. 3.3. Grid used by fig. 3.4. Grid used by
LAUWERIER & VAN DER HOUWEN [1969,
DAMSTE [196113, unpublished]

VAN DER HOUWEN [1966]
and HEAPS [1969]

THE METHOD OF LINES

Having chosen a particular grid, we may discretize the operators
and 3/3y with respect to this grid. We denote the discretized differ-—

11 operators by (compare (2.2))

9 - _ 0X.- 2 9Y- - 9 9, _ ~9X.- 2 )
[aX] = [5§J[5§J + [EEJ[EY] and [3;] = [5§J[3§] + [§§J[5§] s
0X . 0X . .
: [EEJ"" represent the functions g when restricted to the grid

's. Furthermore, the stream (U,V) and the elevation Z, when restricted
. . . > > >

le grid points, will be denoted by (u,v) and z. Note that the number of

ments of these vectors equal the number of grid points used to repre-

the sea and its coasts. System (l.1) can now be approximated by a




nt the sea and its coasts. System (1.1) can now be approximated b

m of ordinary differential equations (method of lines)

.—)

du__—+_a_—>—> > Qo i" >

T M+lgzIwu + Lo [ay]u]v glz71z + £

—)

d_V__—*__8_—>->_—> _3_—>—>_ ra—* >
.3) g = = (wrlsrIv)u - [X + [ay]v]v] gLay]z + fy,

dz _ _ 20 B+2)3T - 200 @+2)V]

ic - = z)u 3; (h+z)v].

re, the multiplication of vectors is understood to be carried out
ntwise. The vectors K, 3, ?X, ?& and K denote the fields of frict
efficeints, Coriolis parameters, wind friction in x and y directi
e depth field, respectively. Equations (3.3) hold at the internal
ints. Along the coast, we have to discretize equation (1.5'). It

rified that we obtain

>
du__—>i—>->_ _8_->—>_->-+_3_->_8_‘*
Fre (A+[8X]u)u ([ay]u)v gcx(cx[ax]+cy[ay])z +
> >
+ ¢ (Z +o f ),
X' XX yy
d\—; d > > > _ 93 > > > _ ) > _ 9 e
4) d_t—= - ([&']V)u - (A+[5§]V) - gcy(cxtaj + Cy[‘é‘;]) z +
>
+c (Z f+c f ),
y XX yYy
d_> 9 > > > ) > > >
z——.—_— — | c—
Fra [ax][(h+z)u] [ay][(h+z)v] R
ere ﬁ, 3,... denote the U, V,... fields restricted to the grid po:

e coast. Similarly, we have along the ocean the equations

N ¥

-
+ fx R

9 > > 9 -~ 3
- (i’+[5;]u)3 + (w—[wju)z - g [5-]

22
¥
[}

N ¥
+
oy

9 -> ] 9
.5) - (Z+[a—x]3)u - (i«»[@ﬁﬁ - & (5]
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. . > > >
hen the difference operators require values of u,v,z,...

these values are not calculated, one should provide these

ng some averaging process.

N OF THE TIME-DERIVATIVE

ne the matrix

> 9 -~ > 9 > )

A+ (['a—x]u) - w + ([W:}U) g[s‘}zj

-> 9 > > o > )

w + (['é‘gjv) A+ (['@]V) g[g]
a > > 8 > >

Dg;] (h+z) Eg;] (h+z) 0

> _>+‘>T > > > >\T .
f = (fx,fy,O) and s = (u,v,z) . Then, by the convention

ion of vectors is carried out component-wise, we may write

m

ements of the third row and third column of the matrix D

. > >,
perators; for instance, the element [3/9x](h+z) is an oper-—

§+Z)Z = [g%i. «K+Z)K).

ts of D may be interpreted as diagonal matrices, Furthermor:

nds on g, unless the linearized form (3.1) is used. We then

- -> 9
A -w g[ﬁj
-> > 9
w A g[-@]

)

d
hi=7] h[g;] 0




.ong the coast and ocean border we will also use

> . .
nce the state vector s is now described by equa

->
itrix D and vector f should be accordingly chang

In this section we give a survey of the most

athods known in the literature to solve system (

sthod, not yet published, is indicated.

1. METHOD OF EULER

The most simple method for integrating ordin

s Euler's method which reads for equation (4.2)

—
- > >
.3 s = [I + t_D(s s+ f .
e 3) 0+ L 0 ( n)] o T i
-> -> . .
're, s _, S ,... denote approximations to the s
n n+l S N
=t g respectively, fn = f(tn) fnd T, =t

1s investigated by LAUWERIER and DAMSTE [19611].
)ywever, is so poor that it is of no practical va

»int in section 5.4.

2. STABILIZED RUNGE-KUTTA METHODS

In VAN DER HOUWEN [1971] a class of Runge-Ku
1ich are suitable for the integration of the lar
ifferential equations (1000 or more equations) a
srential equations by discretizing the space-der

* such a Runge-Kutta method which is adapted to

N _ 2 | > > >
S 41 s, * zrn[D(sn)sn + f(tn)] ,
o) 2, =3 e D@, 05, + Tt e
te Sn+1 5n 2T, P88 017 %04 n 2Th
> —Nr —: >
= 1
41 s+ rn[D(sn+1) S 41 f(tn+l)”

sentation (4.2), b
(3.4) and (3.5), t

tant single step

Moreover, a new

fferential equatio

>
n s(t) at t = t»
tn' This method
ability behaviour,

e return to this

thods was develope
tems of ordinary

from partial dif-
es. A typical exan

on (4.2) is given
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GENERALIZED EULER METHODS
The generalized Euler method is defined by

>
S

> o>
= + +
0+l (I TnOnD(sn)]sn TnO f,

2 On is a matrix operator depending on T in such a way that
© =I+0(t) as t_ - 0.
n n n

riting On in the form

o =[I1-1E1"
n nn

ne (4.5) may be written in the alternative form

-> -> 4
= [I + Tn(D(sn)—En)]sn + 1 f 3

D) [I-<E Js
nn nn

n+l
s some matrix operator which makes the Euler method more or less im-
i1t, that is En is a matrix between O (generating Euler's method) and
+1) generating the backward Euler method). Usually, when large systems
involved, one chooses for En a triangular matrix in order to have ef-
ively an explicit method. Most difference schemes used in the actual
utation of shallow water problems can be written in the form (4.5) by
ifying some operator On. We will discuss the schemes of Fischer, and

dertse, and indicate some modifications.

1. FISCHER SCHEME
For linear models, that is D defined by (4.1'), FISCHER [1959] used
fference scheme of the form (4.5) with

s -
I 0 0 :

) 6o = 0 I 0
CBIS] T BI] I
n 9x n dy




: should be remarked that HANSEN [1961] essentially used the same time-

.scretization as Fischer, however, in the Hansen scheme the state vector

- -> - > T
and s are understood to represent the vector (u_ ,,v. ,,Z ) and
1 N n+l n-; N-3 n

T . . .
ln+%’vn+%’zn+l) , respectively (time-staggered grid).

3.2, SIELECKI SCHEME

A slight modification of the Fischer scheme was proposed by Miss

[ELECKI [19671]:

I 0 0
->
be7) 0 = T w I 0
n n
© B2t Rl] 1
n 9x n dy ‘

»3.3. FISCHER SCHEME WITH ARTIFICIAL VISCOSITY
In VAN DER HOUWEN [1968] Fischer's scheme is analysed when an artifi
.al viscosity term is introduced. Again, restricting to linear models, t

‘heme is described by

I 0 0
.8) On = 0 I 0 .
> .0 9 > ) 3
Tnh([5§] - q[g;]) Tnh(q[sgj + [5;]) I

.ere q is a viscosity parameter.

.3.4. LEENDERTSE SCHEME
When in the difference scheme of LEENDERTSE [1967] the non-linear te

e omitted, it can also be written in the form (4.5) with

-1

5
I 0 Tng[gzl
> >
.9) 0 = T W I+ 1 A 0 for n even
n n n
9
T h — 0 I




> >
I+71T A - T W 0
n n
— ]
) On = 0 I Tng[By]
> 93
0 T h[—1] I
n Jy

1on-linear models the Leendertse scheme becomes too co
:nt it in the above simple form. The interested reader

yriginal paper.

) SYMMETRIZED SCHEME

In order to reduce the error in the difference scheme
retization we try to make the discretization of d/dt m
is we try to make the time-discretization second orde

the schemes (4.3), (4.6), (4.7) and (4.8) are all fir

respect to the time step). Let s and s denote the
- > -> -> -> n ?+1
E,vn__%,zn) and (un+%,vn+%,z +l), respectively. Then th
>
I 1 -l
+ 2T(Ax)n_% ZT(wx)n-%
o () T4} ()
= 3T (w 3
n 2y n-4 ? Yy'n-4
9 > o >
r[axjcn r[ay]cn

les a method which is symmetric for linear models, pro

.epend on the step number n. In order to simplify the

duced into (4.10) the vectors:

=3+ 200,
X oxX

T =3+ 239,
y oy

> > 9 >
W =W [3§]u ,
$=$+[i]3,
y X

Z =h+z.

15

. to

time-

note
urate

ds

does

have




may be helpful to present the scheme defined by (4.5) and the ma

fined above in the following form:

> >
3 = RV (NN S S (P Tt BN A 2R S
T AT ot R F RO 200/ n-1 Y0+ V-
—>
- glgglz + ),
11) ZEii:ZE:i = - 1@ ) Jfu ,+u ,1-1C) (v +v ]
: T 2800) -1+ n-4 28090 0-1"Vn+d V-4
> ->
b g[a—]zn + (fy)ns
> >
z_ . .-z
n+1 n _ _ i > > _ i > >
T B [Bx](cnun+%) I:'ay](gnvrﬁ%) ’

.om this representation it is immediately clear that for linear mo
. > > > -> > > ->

at 1is Ax = A = A, Wy = wy = p and ¢ assumed to be constant, sch

..11) is completely symmetric with respect to t and, therefore, se

-der accurate with respect to the time step 1. For non—linear mode

ve at internal grid points a truncation error given by (substitut

solution of (1.1) into (4.11) and calculation of the residual ter

dw A

1 _X _ gy _X 94 _ 9 2
1t[v T U at] + g([aX] E)X)Z + 0(t7) ,
I R
i Y _y 94 _29 2
b.12) itlUu o * \Y at] + g([ay] ay)Z + 0(t7),

o o 3z 3 3z 3, _ 0

2 [[SEJ(U 50 * [5§](V SE'] + (ESEJ ax)(i;U) +
] ] 2

+ ([5§J - 5;9(CV) + 0(1t)

>r the U, V and Z equations, respectively.
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'TABILITY ANALYSIS

. THE AMPLIFICATION MATRIX

Following RICHTMYER & MORTON [1967] we replace in the single step dif-

;mce scheme

- > >
s =As +b
n+l n n n

) .
Y] by scalars 6X and &y defined by

difference operators [é%ﬂ and [3—

) e .
[Sijexp[lA(JY]+kY2)] 5X[exp[A(JY1+ky2)]

[yglexplin (v +ky,) ] = 6ylexp MGy, *ky,)]

we replace the vectors K, g, etc. by the values of the components of

e vectors corresponding to the grid point (xj,yk) (the so-called con-

t coefficient method). In this way, the matrix A becomes a (3*3) matrix
h we denote by Kn(yl,yz). This matrix will be called the amplification
1x at (xj,yk). For instance at internal grid points the Euler scheme

) has the amplification matrix

) An(YI,Yz) =1+ TnDn(Ylez),
e
Ax T og
) Dn(Y],YZ) = - wy >\y Bg R
ag BT 0
S SR I QR
7 CSX T GY > B dy GX * dy GY ?

We will call a difference scheme stable when the amplification matrices

I’YZ) have eigenvalues within or on the unit circle, provided that the




genvalues on the unit circle have multiplicity one. This condition on tl
genvalues of Kn(Yl’YZ) should be satisfied for all n, all grid points
j,yk) and all (yl,yz). Furthermore, we will call a difference scheme

rongly stable when all eigenvalues are within the unit circle.

2. THE EULER AND RUNGE-KUTTA SCHEMES

When the dependence on n of Sn is ignored, we can express the eigen-
lues of the amplification matrix of the Euler and Runge-Kutta schemes
terms of those of Sn' Denoting the eigenvalues of Bn and Zn by § and u
spectively, we have
=1+ 6+ %Tiéz + %Ti&S R

.5) =1+ Tnd ,

MEuler uRunge—Kutta

ere § satisfies the cubic equation
.6) S(S+x )(S+r ) - gc[a2(6+A ) + 82(6+A )l +
X y y X
+ wxwyé + gCaB(wy—wx) = 0.

can be proved (cf. VAN DER HOUWEN [1968]) that the Euler scheme (4.3)
d Runge-Kutta scheme (4.4) are strongly stable when (Jul<l)

.7) |t 6+ 1] <1 and |t 8] < 1.72, Ret § <0, T 8 #0

spectively.

In order to get an impression of the location of the eigenvalues 6,
. consider (5.6) for w = wy = 0, Ax = Ay = )X (no Coriolis force and con
.ctive inertia terms) and for w, = wy = w, Ax = Ay = 0 (no bottom fricti

d convective intertia terms), respectively. In the first case we find

_ _ A2 2 2!
.8) 8, A, 52’3 It (2) + gr(a"+B7),

d in the second case




) §, = 0’ 62 3 =t ‘[wz + g;(a2+82)

; easily verified that o and B assume pure
stric discretization of 3/9X and 3/3Y. For

1ed by
D LRE(I8,k8) = 71 [E((G+1)8, (k+1)D)
+ 75 LECGHDB, (k=1)2)

'3/3Y] in a similar way, then it follows f

sin y]A cos yzA si

) GX =1 A s 6Y =1 —

2, o and B also are purely imaginary. From
»ncluded that the eigenvalues of Sn are pu
and zero inertia terms, while for zero Co
5 the eigenvalues are forced into the left
Returning to the eigenvalues of the ampli
ne, we see from (5.7) that the eigenvalues
plane, otherwise no stability is obtained
1STE [1961] and VAN DER HOUWEN [1968] reve
2s of the bottom friction A, the eigenvalu
inary axis that unrealistically small time
5.7).

In case of the Runge-Kutta scheme (4.4),

) . 1.72
) n §

max

GENERALIZED EULER SCHEMES

The amplification matrix of scheme (4.5)
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values for every

hen [3/93X] is

(k+1)A) ]
(k=1)4) ]
at
A

5.9) it may now
ry for zero fric-

and zero inertia

rix of the Euler
in the left

s of LAUWERIER

r realistic

so close to the

equired to satis-

.7) is satisfied




5.13) A =I+710D .
n nnn

1e eigenvalues up of Kn are the roots of the equation
5.14) det[d - det[(1-w)0 ' + t D 1 = 0.
n n nn

We shall consider this equation for the symmetrized sche

ssuming that On is non-singular, we obtain

(l-u)(l+%1kx) - TAX - %me(l—u) + Tw
5.14") det %Twy(l-u) - Twy (l—u)(]+%rxy) - TAy
tag (1-u) - 10T 1Bz (1-u) — 71BC

r equivalently

5.14") bO(u—1)3 . bl(u—l)z + by (um1) + by = 0,
2

by = (1+ z A )1+ % A+ —Z— Wy s

b1 = + r(xxﬂy) + b2 - b3,

b2 = T2(>‘x>‘y + wxwy) - rzgg(a2+82) + %b3,
b3 = - TBgQ(Ayaz + (wx-wy)aB + AXSZ).

'he roots of (5.14") are within the unit circle when the fol

ties are satisfied (cf. VAN DER HOUWEN [1968]

bO > 0,
b3 > 0,

5.15) 8bO - 4b] + 2b2 - b3 > 0,
2b2 - 3b3 > 0,

(b2—b3)(b]-b2+b3) > 0.

\ simple calculation yields the inequalities.
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1 + %r(xx+xy) + %Tz(Axky + wxwy) >0,
Ayaz + (wx—wy)as + AXBZ <0,

") 4 + ngc(a2+82) > 0,
A

2 2
XAY + Wy = gz(a"+87) > 0,

A+ A >0,
X y
- inequalities are satisfied when the time step satisfies the condition

2 2

2
) T < =y, 0 +8 #0
V=gz(a +8")

hen A_,) ,w and w_ satisfy the inequalities
x*Ty’Tx y

Ax >0 5 Ay ? 0,

2
) (Ax Ay) < 4wxwy,
(w_~w )2 < 4a oA .
Xy Xy
= B = 0 equation (5.14") reduces to

) (=1by (u=D? + b (u=1) + b,1 = 0,

one root lies on the unit circle; the other ones can be forced within

nit circle by requiring that

bO > 0,
| b2 - b1 <0,
b2 - bO > 0,

3b0 - 2bl + b2 > 0.

conditions are satisfied when (5.17) holds.
Ve observe that conditions (5.17) are trivially fulfilled for models

«t convective inertia terms but with bottom friction. For such models

BIBLIOTHEEK MATHEMATISCH CENTRUM
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e symmetrized scheme is strongly stable when we ignore the limiti

B = 0.

]

4, ESTIMATION OF THE GRID PARAMETER o

We define the parameter

1

1.20) P =T
/1a2+8 |max

‘om the definition of o and B (cf. formula (5.4)) it follows that
mpletely determined by the grid in the (x,y)-plane. Furthermore,
dering the stability conditions derived in the preceding sections
ie that the maximal time step is approximately proportional to p.
In this section we shall derive a Lower bound for p in the cas
rerage central differences. From the definition of o and B and the

‘essions (2.6) and (2.7) for the partial derivatives of X and Y it

lat
2 sin o sin o 2
. 2
.21) o + g2 = —1 {[ 5 2 6y + _Eﬁ'—] aY] +
sin (a,=0,)
2 71
cos o cos a 2
+ [ 2 §. + - 16 ] 1 =
2¢ X 27 Y| f
_ 4A2 {<5X>2 . GXGY cos(az-ul) . (EX>L}
sinz(a -a.) 2 2En 2n
2 71
lere
SR R B W
2 " 2

: can be proved (cf. VAN DER HOUWEN [1968]) that in coase of (5.11

S\ 2 S\ 2
X ¥\ L [min(E,m) 172
) - Pz mment

irthermore, we have




1
8,0, 2 = — .
XY 4A2

22) o + 8% > - sin “(ayma ) {Imin(E, 172+ §(EM ! cos(a

p we find an approximation from below, given by

_ v/ ZEE sinz(az-al)
23) p = min(g,n) —

2£n+[min(g,ﬁ)]2Icos(az—al)|

As already observed the maximal step length allowed by the
lition increases when p increases. Therefore, it is of inter
1ges with a, - o, for given £ and n. In figure 5.1 the behav

2 1

1 function of a, = o is i1llustrated for E = ﬁ, i.e.

_ V//Z sinz(a -a )]
£ 2 71

2+|cos(a2—a])| :

e

:3") p

1 this we may conclude that for grids where the grid lines a
es not less than 60°, only 207 of the maximum value of p is
ler angles give rise to increasingly smaller values of p. A

ment holds for the case £ # n.

4>_C£2_CX]
Fig. 5.1 Behaviour of the gridnarameter as a functio

of a2 - a]




5. SURVEY OF STABILITY CONDITIONS

In this section the stability conditions derived for the
allow water schemes are collected. In order to compare them,
tions are expressed in terms of p, and convective inertia te
acted. Moreover, we list the maximal time step allowed by th

adition when the North Sea conditions are substituted, 1i.e.

D= 25,,-6 sec_l, w = 125,,-6 sec_l, g =10 msec-—2

2
ier- é Ao 2 2\ ~
Lauwerier—-Damsté (4.3) T < {:8C > 3y 0 A2+w2 }min =
’ \
2{2510—7p-, 3000, . sec
C [min
: 1.72p p2
Stabilized Runge-Kutta (4.4) 1< — = .56 V =— sec
gerfurta (40072 %00 c
Y
Fischer-Hansen (4.6) T < {ZD/] 27X , A } .=
Jag) 2 2) min
ge A+
2
T {.63 /2, 1500} . sec
C min
s |
2 /2
Sielecki (4.7) T < ;7==£?=3§; .63 %; sec
gttw o
Leendertse (4.9) T < %_g 16000 sec
2 [/ 2
Symmetrized scheme (4.10) 1 < .63 V %E = .63 %; sec

recall that these stability conditions are to be satisfied

int (xj,yk).

CHOICE OF MESH SIZES AND TIME STEPS IN EXPLICIT SCHEMES

Let us investigate the consequences of the stability cond

18
r con—
‘e ne-—

vility

ry gri

for
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icit difference schemes. In particular, we will consider the symmetrize
me (4.10). From section 5.5 it follows that for a prescribed time step
he grid should be chosen such that the grid parameter p satisfies the

uality

instance, when we have a grid in which the grid lines make angles

xl) not less than 600 (cf. figure 2.1), then by virtue of (5.23) we

o> V2 min G,

> condition (6.1) is certainly satisfied when the mesh sizes in the

)-plane satisfy the inmequality

) minE,H) 25 @r@ ¥ 20/7.

When a mesh size strategy is used based on (6.1), we have large meshes

le deep sea areas and small meshes in the shallow parts of the sea.

the shallow regions are located along the coast and the deeper parts

‘rom the coast, the above strategy for choosing meshes in the (x,y)-

: seems to be reasonable for predicting water elevations along the

.. However, when the depth function h is rapidly increasing when moving
the coast, the coarse meshes are too close to the coast and may in-

ice the accuracy of the results at the coast. In order to overcome this
culty, one may use more accurate discretizations of 3/3y at points of
depths. We shall derive a fourth order approximation to 3/9X and

and investigate the effect on the stability condition, that is we

derive the adjusted grid parameter p.

FOURTH ORDER APPROXIMATIONS TO 3/3X AND 3/3Y

In order to obtain higher order approximations to 3/3x and 3/dy than

ned by replacing 3/3X and 3/3Y with the usual central or averaged




tral differences, we have to take more grid points into account. We

11 derive a fourth order approximation holding for the Lauwerier-Damsté
d (see figure 3.3). By considerations of symmetry, we start with (com-
e (5.10))

2) [g’)—(]f(jA,kA) —Z—[f((j+3)A,(k+1)A) + £((3+3)4, (k=-1)1)

- £((3-3)8, (k+1)8)- £((3-3)4,(k=1)4)]

4

D LECG+DA, (k+1)B) + £(G+1A, (=1)D)

- £((3=18, (k+1)8) - £((3-1)A, (k=1)4)]

+

L LEQ(I+1)8, (k43)8) + £((G+1)A, (k=3)8)

- £((3=1)4, (k+3)8) - £((G-1)4,(k=-3)4)1],

more compactly

0 -c ¢ O

21) M21=|"2 P b2 :
-a -b b a
0 -c ¢ O

1 a similar expression for [3/3Y].
expanding the right hand side of (6.2) in a Taylor series at the point

\,kA), we can derive that

) _ 9 4
.3) [3§] = 3 + 0(a7)
:n

- - L =30 - -3
4) a= 96 °* b 9 * © 96 °

taking minus the transpose of the right hand side of (6.2"), we obtain

9
> formula for AEEY]'




In order to compute the grid parameter p corresponding to (6.2), w

the expressions for 6X and 6Y as defined by (5.2). From (6.2) we I

9 . . : . .
A[SiJexp[(JYl+kY2)1A] = exp[(JY]+kY2)1A].

By, +v,)ia By, -v,)iA -(3y,-y,)id =(3y,+y, )iA
dage VY2 TTIYRIRE TRAVITYIRR TRV TR

(rytvy)is (ypmyv,)id =(y =y, )ia =(y +v,)iA
bee 127 e 12T T T2ttt AT ) +
(Y]+3Y2)1A (Y]-3Y2)1A_e—(vl-3vz)1A_e—(Y1+3Y2)1A

c(e +e )}

iy, A -iy ., A iy, A -iy,A
b(e ! -e ! ) (e 2 +e 2 ) +

iY]A —iylA 3iY2A —3iy2A
e +e )}’

similar expression for 6y. By some elementary operations and by s

:ing (6.4), we may derive

S, = —L-i sin y

. 2 2
X~ GA A cos yzA(6+51n YIA 3cos YZA)

1

8 i sin YZA cos ylA(6+sin2y2A-3coszy]A).

1
Y 6A
ous to the derivation given in section 5.4 we derive a lower boun

-2 -2 .
‘X/i) + (6Y/n) and GXGY. Let us write

p = sinzy]A, q = cosZYzA.

the following expression is obtained for (SX/E)Z + (6Y/5)2:

X2, Sv2 o -l [pq(6+p—3q)2 (l-p)(l-q)(4+3p-q)2]
( é) + ( T_] ) 2 ¢ -2 + -2 ’
364 £ n




investigate the right hand side for fixed values of q(0<q<l). To

| we rewrite (6.6) in the form

2 2 9
6' ) - (‘6:),2\ - /6TY\ =c, p ___E(6+ -3q)2 + c (]_p) (4+32—q)
vt/ \37/ 1 sl 2 )2

re ¢, and c, are non-negative constants given by

_am3t | (-G’
? 2 2=-2
A'n

Cc
I 36222 36

figure 6.1 the behaviour of expression (6.6') is illustrated as a

m of p.

fig. 6.1 Behaviour of - (—— —
® :) " \&®)

for a fixed value of q

considering the behaviour of the individual terms in (6.6') it is
;n that for each value of q, 0 < q < 1, expression (6.6') assumes

timal value either at p = 0 or at p = 1 (0<p<l). Consequently, we

A {—q(7—3q)2 | Z0-9) (4=g)’ .
/ 360°E2 360772




1ple calculation yields

Sn2 /8
, (TX> + (-l) > - 343 [mln(E,n)J
g n 729A

For GxéY we may write

-1 10-cos 2y]A 3cos 2y2
6,0, = sin 2Y A sin 2y2A( > ) .
144A

>
<
N

. /10—cos 2Y2A-3cos ZY]A\

\ 2 ]

(10 sin ZY]A—% sin 4ylA- 3 sin 2y, A cos ZYZA)

N

5764 I

(10 sin 2Y2A—£ sin 4Y2A-3 sin ZYZA cos ZYIA)

[100 sin 2Y1A sin 2y2A—20 sin 4y]A sin ZYZA +

N

576A

L.

-20 sin 2y1A sin 4Y2A t 5

easily verified that this last expression assumes its minimum at

s defined by

sin ZYIA = sin 2y2A =1,

6.6 211

> - —_— °
Xy 115242

(5.21) it now follows that

o’ + 8% > - sin” (a -a ){729 [min(Z,n)]2 §;é(£n) lcos(oc2

by (5.20), we obtain the following approximation from below for t




.d parameter p.

__ Eﬁ sinz(az-a])
.9) p = 1.45 min(&,n)V — .

£n+.82[min(g,ﬁ)]2Icos(az-al)I

-omparison with (5.23) reveals that the 12-point formula (6.2)
3 a larger grid parameter, and therefore, allows larger time steps (or

11ler meshes) than the usual 4-point formula.
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